The dark Korteweg-de Vries (KdV) 
Introduction
In the during past decades, the mystery of dark matter [1−2] has attracted much attention, which is only a canonical result, emanating from nucleosynthesis considerations in the first minutes of the Big Bang. At the same time, the elegant discovery that our universe is in accelerating expansion, which has inspired a large number of studies on dark energy [3−5] introduced by cosmologists. The similar concept of dark equations is first proposed by Kupershmidt.
[6] The basic idea of Ref. [6] is as follows: Given two commuting dynamical systems X and Y :
find/classify all their linear extensions X ext and Y ext of the form:
which still commute, here v is a vector, andÂ j (u) (j = 1, 2) are matrix linear differential operators only depend upon u, not v. According to commutativity
dark equations (i.e. linear extension equation) are obtained. These equations are similar in spirit to what one gets when linearizing a given system, or studies how an external linear wave interacts with a particular solution of a given system. Actually, the linear extensions X ext and Y ext can be regarded as some kinds of integrable coupling. [7] Integrable coupling with different dynamical systems have been explored by many researchers, such as Ablowitz-Kaup-Newell-Segur (AKNS) spectral problem, [8−9] Kaup-Newell (KN) spectral problem, [10−11] Wadati-Konno-Ichikawa (WKI) spectral problem [12] and Kadomtsev-Petviashvili (KP) equation. [13] According to the definition of the dark equation (2) , it is interesting to give a complete classification for a given integrable model (1) . For the KdV equation, a complete scalar classification is given by Kupershmidt. [6] It is also interesting most of the dark equations are closely related to the physically meaningful models such as the symmetry equation of the KdV equation, the time part of the Lax pair, the bosonization of super-KdV, [14] the bosonization of supersymmetric bosonic superfield, the bosonization of Manin-Radul supersymmetric fermionic superfield, [15−16] and their dual systems. In addition to the models related to known physically meaningful models, there still exists a mysterious one and its dual.
Though the dark KdV equations have been classified sixteen years ago, there is no classifications for other kind of integrable systems. In this paper, we try to give out a complete classification for the dark MKdV equations in one component extensions by using the definition of highorder symmetry. It is found that the classifications of dark MKdV systems are quite different from those of the dark KdV equations, there will be not only three more classes of the dark MKdV systems but also more freedoms for every class of the dark MKdV system.
The dark equation may be integrable not only because its linearity but also the existence of higher order symmetries which usually implies the possible existence of infinitely many higher order symmetries. To guarantee the existence of infinitely many higher order symmetries, it is enough to find a recursion operator or a master symmetry. In this paper, the recursion operators of two classes of the dark MKdV equations have been arrived at.
The outline of this paper is as follows. In Sec. 2, twelve classes of the dark MKdV equations are derived. Section 3 is devoted to construct the recursion operators of two classes dark equations. Some conclusions and discussions are given in the last section.
Dark Equations of the MKdV Equation
In fact, the Kupershmidt's definition on dark equations means that both the original model (1a) and its extension (2a) are integrable under the meaning that they possess higher order symmetries (1b) and (2b) respectively.
For the MKdV equation
its symmetry equation reads
It is known that
is a fifth order symmetry of the MKdV (4). Inspired by the main idea in Ref. [6] and based on the theory of high order symmetry, we look for the linear scalar homogeneous extensions of the MKdV equation (4) with the form
and its fifth order symmetry
under the condition that the field u possesses unchanged symmetry (6) . The combination of Eq. (4) and Eq. (7) is called the dark MKdV system (the one component integrable coupling system).
The only thing we need to do is to select out all independent versions of Eq. (7) by fixing a i (i = 1, . . . , 7), b j (j = 1, . . . , 19) with requiring σ v satisfies the following symmetry equation
while σ u is given by Eq. (6). Substituting (8) and (6) with (4) and (7) into (9) yields the following 58 determining equations for 26 constants, a i (i = 1, . . . , 7) and b j (j = 1, . . . , 19) , After the tedious calculations, we can find 32 sets of solutions and only 12 of them are independent. Thus twelve classes of independent dark MKdV models are obtained. Here, we just list the extended equations for the scalar field v and its related fifth order symmetry σ v .
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15 6a 1 b 15 + 12a 1 b 18 + a 4 b 19 − 3a 6 b 4 − 3a 6 b 7 − 90a 7 b 1 + 180a 5 − 180b 17 = 0 , 18a 1 b 5 + 6a 1 b 9 + 2a 2 b 3 − 12a 3 b 2 − 6a 3 b 4 + 2a 4 b 3 − 4a 6 b 2 − 60a 7 b 1 − 12b 4 = 0 , 3a 1 b 10 + 6a 1 b 12 + 6a 1 b 3 + 9a 1 b 6 − 3a 2 b 4 − 2a 2 b 7 − 60a 3 b 1 − 2a 4 b 4 − 30a 6 b 1 = 0 , 20a 2 b 13 + 3a 3 b 14 + 5a 4 b 13 − a 6 b 8 − 6a 7 b 5 − 3a 7 b 9 + 150a 6 − 30b 14 = 0 , a 1 b 10 + 3a 1 b 16 + a 2 b 11 + 2a 2 b 17 − 2a 3 b 1 − a 4 b 2 − 4a 5 b 2 − 5a 6 b 1 + 2a 3 − b 10 = 0 , a 1 b 15 + a 2 b 16 + a 3 b 17 − a 5 b 3 − a 6 b 2 − 3a 7 b 1 + 10a 5 + 3a 7 − b 15 − 6b 17 = 0 , 3a 1 b 10 + 2a 1 b 12 + 6a 1 b 16 + 3a 1 b 19 − 10a 3 b 1 + a 4 b 11 − a 4 b 4 − 3a 5 b 4 − 25a 6 b 1 − 2b 12 = 0 , 4a 1 b 10 + 6a 1 b 12 + 3a 1 b 16 + 9a 1 b 19 − 20a 3 b 1 − a 4 b 11 − a 4 b 7 − 2a 5 b 7 − 50a 6 b 1 − b 10 = 0 , 9a 1 b 5 + 3a 1 b 9 − a 2 b 3 + 2a 2 b 6 − 12a 3 b 2 + a 3 b 4 − 3a 4 b 3 − 4a 6 b 2 − 30a 7 b 1 − 6b 4 = 0 , 3a 1 b 18 + 6a 1 b 5 + 6a 1 b 9 − a 2 b 12 − 6a 3 b 4 + a 4 b 6 − 3a 6 b 4 − 60a 7 b 1 + 10a 2 − 12b 7 = 0 , 3a 1 b 10 + 3a 1 b 16 + a 1 b 6 + 2a 2 b 11 − a 2 b 2 + a 2 b 7 − 10a 3 b 1 − 4a 4 b 2 − 6a 5 b 2 − 10a 6 b 1 − b 6 = 0 , a 1 (3b 10 + 2b 3 + 3b 6 ) + a 2 (b 4 − 4b 2 + 2b 7 ) − 20a 3 b 1 − 6a 4 b 2 − 4a 5 b 2 − 10a 6 b 1 − 2b 3 = 0 , 15a 1 b 13 + 2a 2 b 14 + 4a 2 b 8 − 2a 3 b 5 + a 3 b 9 − a 4 b 8 − 2a 6 b 5 − 9a 7 b 3 + 30a 4 − 6b 9 = 0 , 5a 1 b 13 + a 2 b 14 + a 3 b 15 − a 5 b 8 − a 6 b 5 − 3a 7 b 3 + 30a 5 + 30a 7 − 5b 13 − 6b 15 = 0 , a 1 b 14 + a 2 b 15 + a 3 b 16 − a 5 b 5 − a 6 b 3 − 3a 7 b 2 + 10a 6 − b 14 − 6b 16 = 0 , 60a 1 b 13 + 6a 2 b 14 + 12a 2 b 8 − 2a 3 b 5 + 4a 4 b 8 − 2a 6 b 5 − 18a 7 b 3 − 6a 7 b 6 + 120a 4 − 24b 9 = 0 , 3a 1 b 14 + 12a 1 b 8 + 2a 2 b 5 + 2a 2 b 9 − 6a 3 b 3 + a 3 b 6 − 2a 4 b 5 − 3a 6 b 3 − 18a 7 b 2 − 6b 6 = 0 , 6a 1 b 15 + 7a 1 b 18 + a 4 b 16 + a 4 b 19 − a 5 b 12 − a 6 b 11 − 4a 6 b 4 − 60a 7 b 1 + 130a 5 − 120b 17 − b 18 = 0 , a 1 (6b 15 + 15b 18 + 12b 9 ) − 2a 3 (2b 4 + b 7 ) + a 4 (70 + b 10 + b 12 ) − 9a 6 b 4 − 2a 6 b 7 − 180a 7 b 1 − 72b 11 = 0 , 9a 1 b 14 + 36a 1 b 8 + 6a 2 b 5 + 3a 2 b 9 − 6a 3 b 3 − 3a 3 b 6 + 3a 4 b 5 − 3a 6 b 3 − 36a 7 b 2 − 9a 7 b 4 − 18b 6 = 0 , 9a 1 b 14 + 2a 2 b 15 + 2a 2 b 18 + a 3 b 19 − a 6 b 10 − 3a 6 b 3 − 18a 7 b 2 − 3a 7 b 7 + 40a 6 − 36b 16 − 6b 19 = 0 , 6a 1 b 15 + 2a 1 b 18 + 2a 2 b 16 + a 2 b 19 + a 4 b 16 − a 5 b 6 − 5a 6 b 2 − a 6 b 4 − 30a 7 b 1 + 80a 5 − 60b 17 − 2b 18 = 0 , a 1 (8b 15 + 6b 18 ) + a 2 (b 16 + 3b 19 ) − a 5 b 10 − a 6 (b 11 + 10b 2 + b 7 ) − 60a 7 b 1 + 140a 5 − 2b 15 − 120b 17 = 0 , a 1 (3b 15 + b 9 ) + a 2 (b 10 + 2b 16 ) + a 3 (b 11 − 2b 2 ) + a 4 (10 − b 3 ) − 3a 5 b 3 − 4a 6 b 2 − 15a 7 b 1 − 6b 11 − b 9 = 0 , a 1 (6b 10 + 6b 12 + 3b 16 + 3b 19 + 4b 6 ) − a 2 b 11 − b 4 (a 2 + 3a 4 + 3a 5 ) − 40a 3 b 1 + a 4 b 7 − 40a 6 b 1 − b 6 = 0 , a 1 (3b 14 + 4b 8 ) + a 2 (2b 15 + b 9 ) + a 3 (20 + b 10 − 2b 3 ) − (a 4 + 2a 5 )b 5 − 3a 6 b 3 − 12a 7 b 2 − 6b 10 − 4b 8 = 0 , 60a 1 b 13 + 6a 2 b 14 + a 3 b 18 + 3a 4 b 14 − a 6 b 9 + 3a 7 (10 − b 12 − 2b 3 − 2b 6 ) + 360a 5 − 12b 15 − 30b 18 = 0 , 6a 1 (b 15 + b 18 + b 9 ) + a 2 α 1 − 2a 3 (b 7 + 3b 2 ) + a 4 (40 − b 10 ) − 2a 6 (b 7 + 6b 2 ) − 90a 7 b 1 − 36b 11 = 0 , 6a 1 (3b 14 + 4b 8 ) + 2a 2 (b 18 + b 9 ) + 2a 3 α 2 + 2a 4 b 9 − 2a 6 b 6 − 6a 7 (4b 2 + 3b 4 ) − 12b 10 − 24b 12 = 0 , 3a 1 (b 15 + b 5 + b 9 ) + a 2 α 3 + a 3 (b 7 − 8b 2 ) − 3b 3 (a 4 + a 5 ) − 6a 6 b 2 − 30a 7 b 1 − 3b 5 − 6b 7 = 0 , 36a 1 b 14 + 2(a 2 + a 4 )b 15 + (5a 2 + 2a 4 )b 18 + a 6 α 4 − 6a 7 (6b 2 + 3b 4 + b 7 ) − 72b 16 − 48b 19 = 0 , 60a 1 b 13 + (9a 2 + a 4 )b 14 + 2(a 3 − 24)b 15 + 2(a 3 − 6)b 18 − 3a 6 b 5 − a 6 b 9 + 3a 7 α 5 + 360a 5 = 0 , 6a 1 α 6 + a 2 (40 + b 10 + 4b 12 + 2b 6 ) − a 3 (24b 2 + 6b 4 − 4b 7 ) − a 4 b 6 − 3a 6 (6b 2 + b 4 ) − 180a 7 b 1 − 36b 7 = 0 , 9a 1 (3b 14 + 4b 8 ) + a 2 (4b 15 + 4b 18 + 6b 9 ) + a 3 α 7 − a 6 (9b 3 + 2b 6 ) − a 7 α 8 − 42b 10 − 12b 12 = 0 , 3(4a 1 − 1)b 14 + 2a 2 (2b 15 + b 18 ) + (a 3 − 54)b 16 + (a 3 − 6)b 19 + a 4 b 15 − a 5 b 9 + a 6 α 9 − 3a 7 α 10 = 0 , 2a 1 α 11 + 2a 2 α 12 − 2a 3 (b 11 + 4b 2 ) − 2b 4 + a 4 α 13 − 2a 5 b 6 − a 6 (16b 2 + 3b 4 ) − 120a 7 b 1 − 48b 11 − 2b 9 = 0 ,
Class 1
v t = a [ v xxx + 3b(uv x ) x + 3b 2 u 2 v x ] + b [ (ab 2 − 2)u 3 + (a − 1)u xx + 3abuu x ] v ,(10a)σ v = cv 5x + 5bcuv 4x + 10bc(u x + bu 2 )v xxx + 10bc(u xx + 3buu x + b 2 u 3 )v xx 16
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where a, b, and c are arbitrary constants. Different from the dark KdV cases, for the scalar dark KdV extensions, there is no nontrivial free parameters. When b = 0, the first class of the dark MKdV system is reduced to
which is just related to the Miura transformation of the completely decomposed case of the dark KdV equation given by Kupershmidt. Obviously, such decomposed system is available for any system of the vector fields anywhere. For the MKdV hierarchy, we then have
and all these are self-dual extensions.
Class 2
where a is an arbitrary constant and δ 2 = −1. It is interesting that there is no dark KdV correspondence for nonzero a. When a = 0, Eq. (13a) is reduced to
which is related to the Miura transformation of one of the known dark KdV system.
Class 3
with a free parameter a. Clearly, there is no similar known results for the dark KdV equation for arbitrary a. When a = 0, Eq. (15a) can be reduced to
which is just the symmetry equation of the MKdV. The symmetry coupling is valid dark extension for arbitrary integrable systems.
Class 4
where a is a free constant. There is also known correspondence for the dark KdV equation except for the special a = 0 case. When a = 0, Eq. (17a) can be reduced to
which is just the dual equation of the symmetry equation of the MKdV. The dual symmetry coupling is also valid dark extension for all integrable systems.
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Class 5
with free constant a and δ 2 = −1. Except for a = 0 case, one has not yet found the similar results for the dark KdV system. When a = 0, Eq. (19a) is reduced to
which is the result of taking the Miura transformation of one known dark KdV system. The related dark KdV system can be considered as the bosonisation of the fermionic supersymmetric KdV equation.
Class 6
with arbitrary constant a and δ 2 = −1. Only for the special a = 0 case, one can find a correspondence of the dark KdV equation. When a = 0, Eq. (21a) can be reduced to
which is just the dual equation of Eq. (20) . The related dark KdV system can also be considered as the bosonisation of a trivial fermionic supersymmetric KdV model.
Class 7
where a is an arbitrary constant and δ 2 = −1. Only for the special a = 0 case, we can find a correspondence of the dark KdV equation. When a = 0, Eq. (23a) can be reduced to
which is the results of taking the Miura transformation of the KdV symmetry equation.
Class 8
where a is an arbitrary constant and δ 2 = −1. Same as the class 8, for the special a = 0 situation, we can find a related model of the dark KdV system related to the dual of the symmetry equation. 
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When a = 0, Eq. (25a) can be reduced to
which is just the dual equation of Eq. (24).
Class 9
where a is an arbitrary constant and δ 2 = −1. Only for the a = 0 case, we can find a dark KdV correspondence, the socalled mysterious dark KdV equation. Thus we can call the class 9 the general mysterious dark MKdV system and call the special case for a = 0 as the mysterious dark MKdV equation which possesses the form (4) and
which is the mysterious equation of MKdV (4).
Class 10
where a is an arbitrary constant and δ 2 = −1. The special a = 0 case
is the dual form of the mysterious dark MKdV equation.
Class 11
where a is an arbitrary constant. It should be mentioned that there is no known correspondence of dark KdV case even for any fixed constant. When a = 0, Eq. (31a) is reduced to
which is the bosonization of fermion field [17] and self-dual.
Class 12
where a is free and δ 2 = −1. The class is just the Miura transformation of the first order dark KdV extension.
Recursion Operators of the Dark MKdV Equations
Usually, the existence of higher order symmetries may imply the possibility of the infinitely many symmetries. However, to guarantee the existence of infinitely many higher order symmetries, it is necessary to find a recursion 19 operator or a master-symmetry such that infinitely many higher order symmetries can be obtained systematically. In this section, we write down the recursion operators of two class of dark MKdV.
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The construction of the recursion operator of a given integrable system is not an easy task. A lot of works are devoted to this subject. Based on the Lax representation, some of the authors utilized eigenvalue equation for the squared eigenfunctions of the Lax operator to construct recursion operator, [18−22] others [23−26] used Hamiltonian operators to realize it. Moreover, a simple, effective method [27] for constructing the recursion operator has been proposed when the Lax representation is given. However, for the dark equations, the corresponding Lax representations are unknown. Here, on the basis of the known symmetries, the recursion operators of the first two classes of dark equations are directly constructed.
Take Class 1 as an example, the first order symmetry is
the third order symmetry is
and the fifth order symmetry is
By virtue of these symmetries and the properties of MKdV, we assume that the strong symmetry R is of the form:
where
is just the recursion operator of the MKdV equation, and 
After the tedious calculations with Maple, we get
with the constraint d = c 2 . Next, it is need to verify that strong symmetry R is just the recursion operator of the dark equation. That is to say, we need to prove that R has the property of heredity. The only thing we need to do is to prove that R is also the strong symmetry of the corresponding higher order flows. One of the higher order flows of dark equation (4) and (10a) is 
This method of constructing recursion operator can also be applied to the rest ten dark equations, we do not consider them here.
Summary and Discussion
In summary, a complete classification of the dark MKdV systems with scalar extension has been given. The results show that there are twelve classes of dark MKdV equations, which are all integrable coupling systems under meaning that they possess higher order symmetries. Furthermore, the recursion operators of the former two classes of dark MKdV equations are explicitly given.
It is quite remarkable that the dark MKdV systems are quite different from the Miura transformations of the dark KdV systems. The linear homogeneous extensions have been discussed in this paper, the linear inhomogeneous or the nonlinear extensions will be investigated in our further work. In addition, the explicit solutions of the generalized dark equations will be produced through the famous methods, such as symmetry reduction method, the Hirota bilinear method, Darboux transformation, Painlevé analysis and so on.
